We study the formation of localized structures formed by the point loading of an internally pressurized elastic shell. While unpressurized shells (such as a ping-pong ball) buckle into polygonal structures, we show that pressurized shells are subject to a wrinkling instability. We study wrinkling in depth, presenting scaling laws for the critical indentation at which wrinkling occurs and the number of wrinkles formed in terms of the internal pressurization and material properties of the shell. These results are validated by numerical simulations. We show that the evolution of the wrinkle length with increasing indentation can be understood for highly pressurized shells from membrane theory. These results suggest that the position and number of wrinkles may be used in combination to give simple methods for the estimation of the mechanical properties of highly pressurized shells.
The wrinkling of elastic membranes under tension is as important in a range of fields as it is visually arresting. In recent years, particular attention has been paid to the use of such wrinkling patterns to facilitate measurements in a wide range of settings from the traction forces exerted by fibroblasts during cell division [1] to the mechanical properties of the membranes themselves (such as Young's modulus and thickness) [2, 3] . There has also been considerable interest in understanding fundamental aspects of wrinkled membranes including the size and number of wrinkles [4] [5] [6] , the transition from wrinkling to folding [7] , and situations in which the wrinkle wavelength varies spatially [6, 8, 9] .
For the most part, studies of wrinkling have considered planar sheets-objects without an intrinsic curvature. As every ping-pong player knows, objects with an intrinsic curvature suffer a surprising mode of instability in which a large indentation localizes to form polygonal deformations [10] with ridges connecting vertices. These polygonal structures occur in a wide range of applications from thin shells under point loading [11] [12] [13] [14] through the drying of droplets of a colloidal suspension [15] to the oscillations of bubbles in echography [16] . Although polygonal structures and wrinkles may both be the manifestation of azimuthal instabilities of elastic objects subject to deformation, they are usually thought of as occurring in very different situations. In this Letter we show that it is possible to move continuously from polygonal structures to wrinkles within a single physical system: the indentation of an internally pressurized shell. We show that for ''small'' internal pressures polygonal structures are observed giving way to wrinkles for ''large'' internal pressures.
A simple demonstration of the azimuthal instability that develops when a pressurized shell is indented may be seen by pushing on a beach ball (see Fig. 1 ); a large number of wrinkles form within an annulus of well-defined inner and outer radii. The indentation of pressurized elastic shells has recently received attention in its own right because of applications to drug delivery within polymeric capsules [17] , the measurement of turgor pressure within yeast cells [18, 19] , and the measurement of the mechanical properties of thin films [20] .
To understand the wrinkling instability of pressurized shells demonstrated in Fig. 1 we consider an elastic shell of natural radius R, thickness h, Young's modulus E, Poisson ratio , and subject to an internal pressure (or pressure difference) p. The shell is then deformed by the action of a pointlike force F at a pole. Numerical simulations were performed using the commercial finite element package ABAQUS (SIMULIA, Providence, RI) with material properties R ¼ 1 m, E ¼ 70 GPa, and ¼ 0:3. (Three-node thin quadratic shell elements were used in all calculations and a mesh sensitivity study was carried out to ensure that the results are minimally sensitive to the element size.) These simulations reveal that for small vertical displacements w 0 the response of the shell remains axisymmetric but loses axisymmetry at a finite displacement, w 0 ¼ w c 0 . Examples of the variation in the asymmetric pattern observed by varying just the internal pressure are shown in Fig. 2 . For unpressurized shells we observe polygonal structures, as studied previously. However, as the pressure increases the wave number of the asymmetry increases, becoming reminiscent of the wrinkles observed when stretching a thin sheet [21, 22] . We note that these wrinkles are confined to an annular region and that as the indentation increases the size of this annulus increases but that the wave number n of the instability remains constant.
The numerical simulations motivate an investigation of the critical indentation required to initiate wrinkling, the number of wrinkles that form, and the extent of the wrinkled region as indentation continues. As a first step, we use the equations of axisymmetric plate theory modified to incorporate the finite radius of curvature of the shell. These ''shallow-shell'' equations are well known [23] and, in the polar geometry of interest here, take the form
where wðrÞ is the normal displacement of the shell (from the spherical state) and c is the derivative of the Airy stress function so that ¼ c 0 and rr ¼ c =r. The bending stiffness of the shell is B ¼ Eh 3 =12ð1 À 2 Þ. Equations (1) and (2) are to be solved, in principle, with boundary conditions for the displacement wð0Þ ¼ Àw 0 , w 0 ð0Þ ¼ 0, wðrÞ ! 0 as r ! 1 and for c that c 0 ðrÞ À c ðrÞ ! 0 as r ! 0 and c $ pRr=2 as r ! 1.
In the absence of pressure, p ¼ 0, it is possible to nondimensionalize the shell equations (1) and (2) using the shell thickness h and ðhRÞ 1=2 as vertical and radial scales, respectively [24] . However, with p > 0 this nondimensionalization breaks down. For maximum contrast with the unpressurized regime, our analysis will focus on the limit of large pressures p, for which a more natural radial scale is
while vertical deflections are measured relative to ' 2 p =R [19, 24] . This nondimensionalization introduces a dimensionless bending stiffness À2 , where
is a dimensionless measure of the tension within the shell due to inflation. In this formulation of the problem is the only dimensionless parameter and so it is natural to investigate the dimensionless indentation required to produce wrinkling and the number of wrinkles as functions of . Such a plot is shown in Fig. 3 for numerical simulations performed with a range of shell thicknesses and internal pressures. The very good collapse observed demonstrates that the parameter is indeed the universal governing parameter for this system. We now focus on understanding the observed behavior in the limits ( 1 and ) 1.
We consider first the limit ( 1, which corresponds to very weakly pressurized shells and has been considered extensively previously. In this limit, the standard nondimensionalization shows that localized structures must appear when the indentation w 0 $ h. Numerical simulations [see Fig. 4 (c) of [14] ] suggest that in fact w c 0 % 14h. Rewriting this result in dimensionless form, we find that 
(More details may be found in the Supplemental Material [24] .) This result is shown as the dotted line in Fig. 3(a) demonstrating that (5), derived under the assumption that ( 1, is in fact valid for & 1. In this limit we also expect that the wave number of the instability should be n ¼ 3, as has been reported many times previously for unpressurized shells [10, 11, 13] . This is indeed the case for & 1 [ Fig. 3(b) ].
In the limit ) 1, the bi-Laplacian term in (1) may be neglected leading to the dimensionless membrane-shell equations [19, 24] . In this membrane limit we expect that an azimuthal instability will be observed when the hoop stress becomes compressive, i.e., c 0 ¼ < 0. The numerical solution of the membrane-shell equations for increasing values of w 0 R=' 2 p suggests that ¼ 0 first occurs when w 0 R=' 2 p % 2:52. Furthermore, this root occurs with r=' p ¼ r c =' p % 0:58. The prediction from membrane theory that w c 0 R=' 2 p ¼ 2:52 is plotted as the dashed line in Fig. 3(a) and is in good agreement with the numerical simulations as ! 1. We also note from Fig. 3(a) that, in dimensional terms, increasing the internal pressure delays the onset of instability.
In the strongly pressurized regime, we expect that the wave number of wrinkles should be described by a balance between bending and stretching [21, 22] . In our case, this balance [see the governing equations (1) and (2)] yields a typical wavelength of wrinkles $ ðBR 2 =EhÞ 1=4 $ ðhRÞ 1=2 . Since we are considering the limit ) 1, we expect that the typical radial extent of the wrinkled region will be $' p so that the wave number of the wrinkles, n $ ' p =, is given by
This relationship is observed in numerical simulations [see Fig. 3(b) ] with a prefactor % 1:33, though the value of n is limited to taking integer values. Figure 3 (b) also shows the results of experiments using an inflated Pezzi ball (Ledragomma), which agree well with the results of simulations for a very different series of physical parameters. We note that the transition from a small number of vertices to a large number of wrinkles as increases is smooth and does not occur at a well-defined value of .
(The smooth nature of this transition is also seen in the behavior of the excess mean curvature along the length of one asymmetric structure [24] .) A quantity of considerable interest is the size of the wrinkled region as the displacement is increased beyond the onset of wrinkling. The pure membrane model ( ¼ 1) suggests that the hoop stress is compressive within an annulus L in < r < L out and hence that wrinkling will occur within the same annulus. Such an annular region is observed in both experiments (Fig. 1) and simulations  (Fig. 2) . The dependence of L in and L out on the dimensionless indentation may be computed from the membrane equations [24] ; the results of this analysis are shown in Fig. 4 along with the results of simulations for finite values of . This demonstrates that the simple membrane analysis gives an adequate description of the wrinkling in this situation, unlike some related wrinkling problems [3, 25] , in which the presence of wrinkles significantly modifies the stress field [26] .
A boundary layer analysis of the membrane-shell equations [19, 24] shows that for very large displacements the 
This result is recovered in the numerical results (see Fig. 4 ) and is noteworthy because it is solely dependent on the geometry of the problem and is independent of the internal pressurization. Mathematically, (7) is identical to the corresponding result for unpressurized shells [13] . Wrinkling has previously been used as a simple means of measuring the material properties of nanometric planar membranes [3] . However, this study was hampered by the lack of a theoretical understanding of the wrinkling pattern that resulted and, despite more recent attempts [25] , the wrinkling of these membranes is still not completely understood. Motivated by the same desire, we note that the number of wrinkles observed gives a simple method of estimating the value of , under the assumption that ) 1 (which is the case if n ) 1). If the material properties of the shell (E, h, and R) are known, then the interior pressure p may be determined using (6) . This is significantly simpler than current techniques, which rely on measuring the force-displacement relationship [18, 19] . If only some of the material properties are known, then other features of the wrinkling pattern, e.g., the radial position of wrinkles r c , provide additional information that may be used for this inference.
We have considered the indentation of a pressurized elastic shell and shown that at low pressures ( ( 1) the deformation localizes with the formation of polygonal structures while at higher pressure ( ) 1) asymmetrical localization occurs with the formation of wrinkles. To our knowledge, this system is the first that is able to demonstrate both of these forms of localization with a single control parameter, in this case the dimensionless tension . We have also shown that the presence of an internal pressure increases the critical indentation w c 0 required to observe localization. Finally, an analysis of this system based on the equations of membrane-shell theory allowed us to obtain a more complete understanding of the wrinkle length than has been achieved in related systems [3, 25] ; this wrinkling instability may be a useful assay for the determination of the mechanical properties of polymeric capsules.
This 
